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MULTI-FILTER PHASE-LOCKED LOOP DEMODULATION 
BY 
ENRIQUE CHENG, B?S,M.E. & E.E. 
Master of Science in Electrical Engineering 
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L a s  Cruces, New Mexico 1970 
Dr, Wiley E, Thompson, Chairman 
The carrier model and the model for the generalized multi- 
filter phase-locked loop are considered, and state equations f o r  
the phase model are derived, Analog computer configurations show- 
ing direct component interconnections for simulations of both car- 
rier and phase multi-filter phase-locked loop models are also ob- 
t ained . 
Simulations of a low-band pass multi-filter phase-locked loop, 
with a single deterministic sinusoidal frequency modulated sub-car- 
rier were performed to investigate the improvement of the low-pass 
V 
phase-locked loop due to the band-pass filter. This improvement is 
measured by comparing the phase error of  the low-band pass multi- 
filter phase-locked loop with the resultfng low-pass phase-locked 
loop when the band-pass filter is removed from the loop,  
lation w a s  accomplished by solving the state equations for the phase 
model on a CDC 3300 digital computer, using the Adams-Moulton numer- 
ical integration technique, and by analog computer s5mulation of the 
carrier model showing direct component interconnections. 
The simu- 
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Phase-locked loop  rece ivers"  (Figure 3) are widely used i n  d e t e c t i n g  
How- narrow-band te lemet ry  s i g n a l s  from satellites and s a t e l l i t e  probes.  
ever ,  common phase-locked loop Pow-pass des ign  c h a r a c t e r i s t i c a l l y  y i e l d s  
l i t t l e  o r  no th re sho ld  improvement over convent ional  PM d i sc r imina to r s  
when t h e  mode of ope ra t ion  involves  a format wi th  l a r g e  amounts of ener- 
gy a t  d i s c r e t e  (or n e a r l y  d i s c r e t e )  f requencies  h igh  i n  t h e  base-band. 
An example of t h i s  t ype  of format i s  shown i n  F igure  1, 
The demodulatSon of t h i s  base-band s t r u c t u r e  wi th  t h e  s i n g l e  low- 
pass  des ign  permits  t h e  no i se  over t h e  unused band, between t h e  narrow- 
band, h igh  energy s u b e a r r i e r ,  W 
The e f f i e f e n c y  of t h e  spectrum is  very  poor and consequently t h e  s t ruc -  
t u r e  t u r n s  out  t o  be  unsu i t ab le .  Furthermore, s i n c e  cc) > wIs t h e  open- 
loop g a i n  a t  W is  much lower than  t h e  ga in  a t  low base-band f r equenc ie s ,  
Therefore ,  t h e  phase e r r o r  is  l a r g e r  and t h e  t r ack ing  e r r o r  becomes more 
s i g n i f i c a n t .  
and W1, t o  e n t e r  t h e  loop (Figure 1). 2 
2 
One s o l u t i o n  t o  t h e s e  problems involves  t h e  u s e  of an  a d d i t i o n a l  
band-pass f i l t e r  i n  t h e  loop i n  p a r a l l e l  w i th  t h e  common base-band f i l t e r .  
Tests c a r r i e d  ou t  [ l l show t h a t  t h e  a d d i t i o n  of band-pass feedback pa ths  
i n  p a r a l l e l  wi th  t h e  low-pass f i l t e r  ( i f  a l a r g e  amount of energy is  
used a t  more than  one d i s c r e t e  frequency) opt imize t h e  phase-locked 
:Loop demodulation process  a t  t h e  upper base-band f requencies .  Namely, 







0 w 1 w 
Figure  1. Frequency Spectrum Showing t h e  Locations of a High 
Energy Sub-carr ier  a t  w with  a Narrow-band Information 2 
BW - << 1 
@2 
I d e a l  Band-pass 
eq 
*O 
Figure  2 .  I l l u s t r a t i o n  of t h e  Resul t ing  Spectrum Af te r  t h e  
Addit ion of t h e  Band-pass Feedback Path and t h e  
Decrease of t h e  Low-pass 
3 
l- 
a PLL with more than one filter in the closed-loop path, called MULTI- 
FILTER PLL (M-PLL), yields improvements over a standard low-pass design 
for this type of format (Figure 2), These evaluations were made at low 
frequency modulation indices and for particular conditions and parameters. 
(FM generator) .c 
Voltage-controlled 
P o l  The Basic PLL 
The phase-locked loop demodulator is essentially a coherent de- 
modulator. 
Viterbi [ 2 ]  is shown in Figure 3 ,  The Voltage-controlled oscfllator 
(VCO) provides a constant amplitude sinusoidal signal whose instanta- 
The basic configuration f o r  the carrier model as given by 
neous frequency varies according to the input to the VCO. The elec- 
trQnic multiplier and the time-invariant linear filter constitutes the 
phase measurement device that provides a signal error proportional to 
the relative phase difference between the incoming phase-modulated (PM) 
or frequency-modulated (FM) carrier and the locally generated clean 





The q u a n t i t a t i v e  d e s c r i p t i o n  of t h e  PLL i s  as fo l lows :  The carrier 
input  s i g n a l  conta in ing  phase or frequency information is  A s i n  Cp ( t ) ,  1 
A2 
B2 
and thus  t h e  inpu t  power is  - w a t t s .  The VCO output  s i g n a l  i s  
B cos $ ( t )  wi th  a power of - w a t t s .  
2 
0 2 
For an FM process ,  i n  t h e  absence of no i se ,  t h e  ins tan taneous  phases 
$ , ( t )  and $ O ( t )  are of t h e  form* 
= w e t  + e l w  ( r ad ians )  (1.1-1) 
= uot + e 0 w  ( rad ians )  (1 m 1-2) 
where 
w is  the  c a r r i e r  f requency,  and 
w i s  t h e  VCO f ree-running o r  qu iescent  frequency. In t h i s  t h e s i s  i t  
C ir 
0 
is assumed w = w . 






m(t)  is  t h e  modulating information s i g n a l ,  
z ( t )  is  t h e  f i l t e r  ou tput  s i g n a l  t h a t  d r i v e s  t h e  VCO and con ta ins  
t h e  informat ion  ou tpu t ,  and 
K and % are p r o p o r t i o n a l i t y  cons t an t s  i n  r a d / s e c f v o l t .  G 
The output  u ( t )  of t h e  m u l t i p l i e r *  is  given by 
c ( t )  = A s i n  @,(t> B cos $ o ( t )  (1 1-5) 
o r  
S u b s t i t u t i n g  equat ions (1.1-1) and (lol-2) i n  (1.1-6), and 
dropping t h e  argument t f o r  s i m p l i c i t y ,  (1.1-6) reduces t o  
[ s i n  ( e ,  - e,) $. s i n  (2w t + el + e,)] (1.1-7) - - A B  u = -  2 C 
Ordinary a n a l y s i s  of t h e  loop assumes t h a t  t h e  sum-frequency term 
AB - s i n  (2w t + 0 9 8 ) is  e l imina ted  by t h e  K O - f i l t e r  combination. 2 C 1 0  
And, i f  w >>1, t h e  assumption i s  s t i l l  v a l i d  f o r  cases where t h e  l i n e a r ,  
t ime-invariant  f i l t e r  does nothing t o  reject h igh  f requencies ,  f o r  ex- 
ample, t h e  base-band f i l t e r  (1 + a f s ) .  
C 
The v a l f d a t i o n  holds  because 
t h e  VCO, being i n  essence an  i n t e g r a t o r ,  rejects high-frequency s inu-  
s o i d a l s .  However, i n  t h e s e  circumstances a f i l t e r  e i t h e r  must be  put 
i n t o  t h e  loop be fo re  g(t9 o r  i t  must b e  used on g ( t )  o u t s i d e  of t h e  loop 
t o  re jec t  t h e  sum-frequency t e r m  so  t h a t  w e  can o b t a i n  t h e  information- 
* Assuming an i d e a l  m u l t i p l i e r  
6 
U S  
modulating s i g n a l .  
Therefore ,  t h e  high-frequency t e r m  may be d iscarded  from t h e  loop 
a n a l y s i s  and (1.1-7) y i e l d s  
< 
- AB u = - s i n  4 2 e 
where 
A (be = - 80 




are def ined  as t h e  phase and frequency e r r o r ,  r e spec t ive ly .  
The phase model. con f igu ra t ion  f o r  this PLL i s  shown i n  F igure  4." 
Time-invarian t 
Figure  4. PLL Phase Model 
J( See re fe rence  [ Z ]  
7 
I_.-’ 
where the loop-gain AK i s  def ined  as 
AK = A(1/2) B K r ad / sec  (1.1-11) v 
One may n o t e  t h a t  the  t ransformat ion  fr.om a phase-model t o  a 
carrier model i s  not  unique. 
I n  t h e  more gene ra l  case when t h e  d e t e c t o r  gafn  i s  K6 (1.1-11) 
t ransforms t o  
AK = AKgBKV (1.1-12) 
Using t h e  l i n e a r  approximation s i n  4 -- 4 i n  t h e  phase model, t h e  e e 
closed-loop PLL response becomes 
e,(s> - A K F ( s )  11s 
_ _ L -  e+) 1 + AK F ( s >  u s  
For a F ( s )  = 1 9  a / s  
( 1  e 1-13) 
(1 1-14) 
L e t  
AK = 2GnUn (1 1-15) 
2 A K a = U  
n 
(1.1-16) 
where w is  def ined  as t h e  PLL loop bandwidth. Then (1-1-5) i s  a 




A sketch of the amplitude-frequency reponse of the PLL with a base- 
band filter (1 + a/s) is shown in Figure 5. From the figure one can 
see that this PLL has the characteristic of a low-pass filter from 
which it is usually designated as a low-pass PLL (LP PLL), 
+1 
Frequency (rad/sec) 
Figure 5 , ,  
Amplitude-Frequency Response of PLL with a Base-band Filter (1 + a/s) 
9 
CHAPTER I1 
MATHEMATICAL MODEL AND SIMULATION OF A MULTI-FILTER PLL 
2.1 The M-PLL 
A carrier model configuration for the generalized M-PLL is given 





























The t r a n s f e r  func t ion  f o r  t h e  l i n e a r  model of Figure 6b i s  given 
K 
(2 0 1-1) 
i = 1 , 2 , 0 0 . e , K  (2.1-2) 
For a s u i t a b l e  a p p l i c a t i o n  of l i n e a r  a n a l y s i s  t o  t h e  m u l t i - f i l t e r  
PLL i t  i s  convenient i f  t h e  closed-loop response of t h e  f i l t e r s  are in -  
dependents. That i s ,  i f  t h e  closed-loop response a t  any p a r t i c u l a r  f r e -  
quency can be considered ts be  due t o  only one of t h e  f i l t e r s ,  (2,1-2) 
reduces t o  
(2  1-3) 
2.2 Simulat ion of t h e  M-PLL 
E s s e n t i a l l y  two approaches can be  taken f o r  ob ta in ing  t h e  s o l u t i o n  
f o r  a M-PLL. One way i s  t o  d e f i n e  t h e  M-PLL i n  terns of t h e  mathemati- 
c a l  models of i t s  unconstrained components and t h e  l i n e a r  c o n s t r a i n t  
equat ions  $mposed by t h e  in t e rconnec t ion  betweeri t h e  components. Then, 
t h i s  model can be solved by d i r e c t  s imula t ion  on a n  analog computer o r  
12 
by us ing  a n  analog s imula t ion  program on a d i g i t a l  computer, 
Another approach i s  t o  combine these  component models and i n t e r -  
connect ion equat ions  t o  o b t a i n  a reduced model - a state model - 
which can b e  solved by numerical  methods on a d i g i t a l  computer o r  by 
s imula t ion  on a n  analog computer, 
So lu t ions  are obtained i n  t h i s  t h e s i s  by t h e  f i r s t  approach us ing  
an analog computer s imula t ion  and by t h e  seeond approach us ing  a numeri- 
cal  i n t e g r a t i o n  technique on a d i g i t a l  computer. 
2.3 S t a t e  Model f o r  t h e  M-PLL 
A state  model i s  der ived  only f o r  t h e  phase model because s o l u t i o n s  
of t h e  carrier model would t a k e  more computer t i m e ,  The d e r i v a t i o n  i s  
accomplished by f i r s t  ob ta in ing  s t a t e  models f o r  t h e  c-omponents i n  t h e  
M-PLL and then  in te rconnec t ing  t h e s e  component equat ions t o  o b t a i n  a 
model f o r  t h e  M-PLL. 
a) 
t ransforms of i t s  inpu t  and output  are u(s)AK, and Y.(s) as shown i n  
F igure  7a, 
F i l t e r s  Component Equations - Consider a f i l t e r  F*(S) whose Laplace 
1 
1 1 
Input  ou tput  
F igure  7a. S impl i f ied  Diagram of a Generalized F i l t e r  
13 
~h gene ra l  Fi(s) i s  of t h e  form 
(i) mi ( i >  mi-1 (i) ( f )  
s f qn -ls +*. ,+ql  s f qo 
Y,(s) Pm. s + Pmi-l S +...+ P1s + Po P i ( s )  (2.3-1) - - 1 = 
Fi(S) = u(s)AKi n i (i) ni-1 (U ( f )  Qi(s)  
i 
The f i l t e r  i n  F igure  7a def ined by (2.3-1) can be  Considered as two 
cascade f i l t e r s  as shown i n  F igure  Jb. 
output  m 
Figure  7b. 
Diagram of General ized F i l t e r  I l l u s t r a t i n g  Denominator and Numerator 
where 
(i> 
Qi(s)  Xl(s) = u(s)AKi 
and 
( 2  a 3-2) 
(2 3-3) 
(2.3-4) 
1 4  
and 
(9 mi (i> ( i )  mi-l  (i) ( f >  (i> (2) (f) 
hi s x1 ( s )  * Pm -ls x1 ( s )  -I- * e .  e P1s X,(S) e POX+) = Y (s) 
i 
2 3-5) 
Assuming t h a t  t h e  i n i t i a l  cond i t ion  polynomial* is zero and t ak ing  
t h e  i n v e r s e  Laplace t ransform OP ( 2 . 3 - 4 )  and (2.3-5) w e  obtain** 
Dropping t h e  argument, t ,  for s i m p l i c i t y  and l e t t i n g  
(2 I 3-8) 
(2,3-6 can be w r i t t e n  as 
* This  enables  us  t o  pass  from t h e  t r a n s f e r  f u n c t i o n  back t o  t h e  o r i -  
g i n a l  equat ion.  
d 




d t  
- 
0 1 
0 0 1  






U (2  3-9) 
and (2.3-7) as 
I f  m = ' n  then  i i 
(2.3-11) 
and (2.3-10) becomes 
(2.3-12) 
I n  gene ra l  
J. J. 
3. p AKlu 
ni 
(2 * 3-13 
b) Valta$e-controlled O ~ ~ i l l a t ~ r  
The VCO i n  the phase model is represented by an integrator. Its 
simplified diagram 2s sham i n  Figure 8 ,  
Figure 8 .  VCO S;tmplified Diagram 
17 
€lo = e 
and letting X(O)  = 0 we have p = e 
(2.3-14) 
(2.3-15) 
Interconnecting the component equations in accordance with the 
Component interconnections as shown in Figure 6b, we obtain the final 
state model (2,3-18). System variables such as the detected output 
and the phase error are given by 

























































































































































































































AK1 s i n  (0 - X (0)) 
3. 
0 
(0) ) % s i n  ( 0  - x 
1 
(2 3-18) 
S t a t e  Var iab le  D i f f e r e n t i a l  Equation For The M-PLL Phase Model 
As previous ly  mentioned, t h e  s o l u t i o n  of (2.3-18) w a s  ob ta ined  by 
numerical  i n t e g r a t i o n  on a d i g i t a l  computer. In  p a r t i c u l a r ,  a sub- 
routine based on t h e  f a m i l i a r  Adams-Moulton i n t e g r a t i n g  technique w a s  
used. 
p l o t s  of t h e  states and o t h e r  system v a r i a b l e s  were obtained.  
The FORTRAN program w a s  prepared f o r  a CDC-3300 computer, and 
20 
2.4 Analog Computer System Configurat ion of t h e  M-PLL Direct Component 
In te rconnec t  i s  
Although (2.3-18) could be solved by analog s imula t ion ,  t h e  com- 
ponent i n t e rconnec t ions  shown i n  F igure  6a and Figure  6b were s imulated 
d i r e c t l y  on t h e  analog computer.* 
The analog computer system conf igu ra t ion  f o r  t h e  M-PLL phase model 
is  shown i n  F igure  9 .  The n a i n  problem with t h i s  model i s  t h a t  f o r  
high inpu t  level @e, t h e  output  s i n  c$ 
tends t o  i n c r e a s e  beyond i t s  t h e o r e t i c a l  boundary of one u n i t .  Attempts 
were made t o  compensate f o r  t h i s  i n c r e a s e  bu t  no success  w a s  obtained.  
e 
of t h e  s h e  func t ion  genera tor  e 
A v e r s i o n  of t h e  analog computer PLL carrier model** f o r  t h e  mult i -  
f i l t e r  PLL i s  given i n  F igure  loa. One may cons ider  t h e  VCO i n  t h e  
carrier model as being a mapping of t h e  s i n e  genera tor  i n  t h e  phase 
model. I n  t h e  carrier model (C.  M.) t h e  growth of t h e  VCO output  can 
d i r e c t l y  be compensated f o r  without  danger of a l t e r i n g  t h e  r e s u l t s .  
Thls i s  because t h e  frequency of t h e  VCO r a t h e r  t han  i t s  amplitude is 
a system v a r i a b l e ,  
The inconvenience wi th  t h i s  model i s  t h a t  t h e  phase e r r o r  does 
not  appear e x p l i c i t l y  i n  t h e  loop and can only  be obtained e x p l i c i t l y  
t h r u  an  open loop i n t e g r a t o r  ( i n t e g r a t o r  3-11 i n  Figure l o a ) .  Never- 
t h e l e s s ,  t h e  de te rmina t ion  of t h e  phase e r r o r  becomes q u i t e  simple i f  
t h e  osc i l l o scope  is  used t o  observe s i n  c$ vs 4 *** (Figure 1 0 ~ ) .  e e 
* TR-20 E I A  analog computers were used. 
** For d e t a i l e d  informat ion  about t h e  analog computer PLL carrier 
*** s i n  @ i s  obta ined  from a m p l i f i e r n o .  3 i n  F igure  10a a f t e r  f i l t e r i n g  
r e f e r  t o  [3]  e 
e 




































































Pot 13' sets t h e  FM modulator index. 
Pot 15' and a m p l i f i e r  13' set t h e  frequeney of t h e  information s i g n a l  
f ( t )  0 
f ( t >  Amplifier 1 2 '  i s o l a t e s  t h e  output  of genera tor  [-lo 
Pot 16 '  sets t h e  carrier frequency w e 
Pot 1' c o n t r o l s  t h e  output  s i g n a l  of t h e  FM modulator. 
Amplif iers  1' and 2 '  i s o l a t e  t h e  output  of t h e  FM modulator. 
K i s  t h e  HP 3300 FM modulator g a i n  rad /see /uni t .  
K is  t h e  d e t e c t o r  m u l t i p l i e r  ga in  = 0 .5 /vo l t s .  
K i s  t h e  f i l t e r  g a i n  l / u n i t .  
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a, 2 E -5 a, k a a, a 0 -4 a k 0 c, a c 0 u -4 E a, 01 a c cd -rr rl u 0 PI s 
2 5  
Oscil loscope 
Trace s i n  4 e - +e 
wi th  a s l i g h t  h o r i z o n t a l  d r i f t  
From a m p l i f i e r  
From a m p l i f i e r  no. 3 I--------, 
Low P a s s  
F i l t e r  
' ] + S.P.T. 
F igure  1Oc. System Diagram f o r  Observation of s i n  $I vs.4 e e 
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CHAPTER 111 
SOME SIMULATIONS AND RESULTS 
I n  t h i s  chap te r ,  t h e  s imula t ion  of t h e  M-PLL wi th  a base-band 
f i l t e r  i n  p a r a l l e l  wi th  a band-pass (BP) f i l t e r  i s  considered.  The 
base-band f i l t e r  i s  put  i n  t h e  loop i n  carrier models i n  o rde r  t o  en- 
a b l e  t h e  carrier t o  be  t racked.  It is assumed t h a t  t h e  M-PLL i s  i n i -  
t i a l l y  locked onto t h e  carrier and t h a t  a s i n g l e  s i n u s o i d a l  de t e r -  
m i n i s t i c  sub-car r ie r  i n  t h e  frequency range of t h e  band-pass i s  appl ied  
a t  t = 0: 
The e r r o r  s i g n a l s  are observed and compared wi th  those  obta ined  
when t h e  BP f i l t e r  i s  removed from t h e  loop. On t h e  b a s i s  of t h i s  eom- 
par i son  t h e  improvements introduced by t h e  a d d i t i o n  of t h e  BP f i l t e r  
i n  t h e  loop i s  observed, and p l o t s  of t h e  r e s u l t s  are presented .  
3.1 A M-PLL with a Base-band and One Band-pass F i l t e r  
L e t  u s  cons ider  a base-band f i l t e r  wi th  a t r a n s f e r  func t ion  g iven  
by (3.1-1) and t h e  tuned-loop f i l t e r  shown i n  F igure  11. 





Figure  11. Tuned-loop F i l t e r  
The t r a n s f e r  fune t ion  f o r  t h e  tuned-loop f i l t e r  shown i n  F igure  
11, assuming E at  v i r t u a l  ground i s  given by 
Then w e  may de f ine  s imple tuned-loop f i l t e r  as 
8 
F1(4  = 
s 2  e 25 w siWo12 
01 01 
( 3  -1-2) 
(3.1-3) 
w 
For I @ e ]  very s m a l l  t h e  approximation s i n  @ - @e is  q u i t e  accur- e 
rate*; t h e r e f o r e ,  i t  i s  reasonable  t o  expect t h a t ,  i n  t h e s e  cireum- 
s t a n e e s ,  t h e  M-PLL behavior  is  very  w e l l  p r ed ic t ed  by t h e  r e s u l t i n g  
M-PLL l i n e a r  phase model when t h e  s i n  @ 
t h e  M-PLL nonl inear  phase model. For t h i s  reason ,  a b r i e f  a n a l y s i s  
element is  rep laced  by @ e  i n  e 
of t h e  l i n e a r  approximation concerning s t a b i l i t y  is  presented.  
Assuming t h a t  t h e  eondi t ion  f o r  t h e  v a l i d i t y  of (2.1-3) i s  satis- 
f i e d ,  t h e  po r t ion  of t h e  M-PLL open-loop t r a n s f e r  ga in  r e l a t e d  t o  Fhe 
tuned-loop f i l t e r  (3.1-3) i s  given by 
1 4 I 
AKIFl(s) = 
2 
01 s2 e 2501w01s f w 
(3  . l -4) 
It has only  two complex conjugate  poles  i n  t h e  LH s-plane.  One can 
see t h a t  t h e  system i s  s t a b l e  f o r  any va lue  of t h e  ind iv idua l  open- 
loop g a i n  AKl0 
12a,  
A ske teh  of t h e  roo t  l ocus  p l o t  is  given i n  F igure  
I n  a n  analogous manner t h e  r o o t  l ocus  p l o t  f o r  t h e  p o r t i o n  
eorrespsnding t o  t h e  base-band f i l t e r  (3*1-1) is  obta ined  and shown 
-1 30a t h e  approximation is  accura t e  t o  w i t h i n  3 pereent .  
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i n  F igure  12b. 
reach any va lue  wi thout  making t h e  l i n e a r  system uns tab le .  
One can see t h a t  t h e  i n d i v i d u a l  open-loop AK can 2 
I f  a f i l t e r  of t h e  form l / ( s z  1- 2501w01s f wOl2) had been consf- 
dered i n s t e a d  of (3-1-31, a bounded ind iv idua l  open-loop g a i n  AK 
would have been obta ined  as can be  seen  i n  t h e  corresponding r o o t  locus  
1 
p l o t  shown i n  F igure  12c. Since t h i s  placed a r a t h e r  l a r g e  l i m i t a t i o n  
i n  t h e  s t a r t i n g  a n a l y s i s  t he  f i l t e r  w a s  r e j ec t ed .  
The i n d i v i d u a l  closed-loop response f o r  (3 .1-3)  i s  found t o  be 
s (3.1-5) 
w s + w  AKl 2
- 6 + "?01 01 01 -= 
S s 2  + 25 u) s 4- wol 2 -4- AK1 
2 01 01 el(s) s 4- AKl s2  9 25 w s 4- wol o l  01 
From ( 3  1-5) , t h e  ind iv idua l  "band-pass" POOP c e n t e r  frequency w 
nl 
is  def ined  as 
w = ( wOl2 $. AK1) % (3.1-6) 
nl 
A s  one can see, (3.1-5) does not  y i e l d  a very good BP spectrum shape. 
Furthermore, t h e  maximum peak frequency i n  (3 .1-5)  d i f f e r s  from t h e  
maximum peak frequency of t h e  f i l t e r  (3.1-3) by an  a d d i t i v e  amount 
1' equal  t o  t h e  open-loop g a i n  AK 
The i n d i v i d u a l  closed-loop response f o r  t h e  base-band f i l t e r  i s  
t h e  same as (1.1-14) bu t  w%th AK2 i n s t e a d  of AK. The i n d i v i d u a l  LP 
W 
(-501 w01  + . J w o l T )  
29 
Figure 12 .  Root Loci fir Por t ions  df M-PLL Open-loop Transfer  Gain: 
30 
loop bandwidth w and LP loop damping r a t i o  5 
as i n  a n  (1.1-15) and (1.1-16) where w e  merely r ep lace  AK2 by AK. 
are def ined  exac t ly  
n2 n2 
From (1.1-17), (3.1-5), and (2.1-3) one can see t h a t  t h e  clos’ed- 
loop poles  f o r  t h e  L-BP M-PLL phase model considered are f ixed .  This 
as a r e s u l t  of t h e  l i n e a r  approximation used since i t  y i e l d s  constant 
i n d i v i d u a l  closed-loop ga ins .  I n  t h e  non l inea r  L-BP M-FLL phase model 
t h e  equiva len t  i n d i v i d u a l  closed-loop ga ins  are no t  cons tan ts  because 
of t h e  nonl inear  element s i n  $e. 
poles  become v a r i a b l e s  i n  t h e  s-plane.  
., -= 
Therefore ,  t h e  M-PLL closed-loop 
3.1.1 Design and Simulat ion of t h e  Loop 
L e t  u s  f i r s t  determine t h e  s ta te  equat ions f o r  t h e  low and band- 
pass  M-PLL (L-BP M-PLL) phase model, then  t h e  analog computer set-up 
f o r  t h e  L-BP M-PLL carrier model, and f i n a l l y  t h e  va lues  of t h e  para- 
meters needed t o  o b t a i n  t h e  s o l u t i o n s  on t h e  d i g i t a l  computer and on 
t h e  analog computer, 
The s t a t e  equat ions  f o r  t h e  L-BP M-PLL are obta ined  by subs t i -  
t u t i n g  f i l t e r s  (3*1-1) and (3.1-3) i n  the gene ra l  s ta te  model (2.3-18). 
Thus, one ob ta ins  
1 







To determine the initial vector [X(O+) ] ,  we assume that the PLL 





t At t = 0, the frequency modulation is turned on. Assuming that the 
phase input el is of the form 
sin w t, t > 0 aw w m m - el = - 
= o  , t < O  
we have 
eo(o-) = eo(o + ) = o 
(3.1.1-6) 
(3.1.1-7) 




+ + + +,(o = e p  - eo(o ) = o 
+ 




Consequently, for the initial state vector we get 
3 2  
System v a r i a b l e s  such as $e, e, 
(3.1.1-11) 
are obtained as a l g e b r a i c  func- 
t i o n s  of t h e  states. That is ,  from (2.3-17) w e  have 
and from (2,3-16) and (3.1.1-1) 
e = xi1' + +- A K ~  s i n  (e, - x ( 0 ) )  
(3.1.1-12) 
(3.1.1-13) 
S i m i l a r l y ,  f o r  t h e  PLL with only t h e  low-pass f i l t e r  (LP PLL) 
w e  have 
d - 
d t  
with 
0 O I  
$e = el - x (0) 







The analog computer set-up €o r  t h e  L-BP M-PLL is  obta ined  by in-  
te rconnec t ing  t h e  analog s imula to r s  of (3.1-1) and (3.1-2) i n  t h e  gen- 
e r a l i z e d  M-PLL carrier model, shown i n  Figure  loa. 
For t h e  band-pass f i l t e r  (3.1-3) w e  have 
-1 
E1(s) 
K s  
, =-  - fl  
-1 -2 
s 2  9 26 w s + Wnl 1 + 2c wols + wols 
01  01 0 1  
(3.1.1-18) 
Appl ica t idn  of Mason's r u l e  t o  (3.1.1-18) y i e l d s  t h e  s i g n a l  f low 
gTELf3h shown i n  F igure  13. 
- 
1 - e  
i 
Figure  13 a Signa l  Flow Graph for  K s / (s2  + 2~01w01s + w 2, 01  5 
Then, t h e  analog computer set-up t akes  t h e  form shown i n  F igure  14. 
3 4  
Figure  1 4  e Analog Computer Set-up for  K s / ( s 2  2501w01s + w 2, 
fl  Ql 
E2(S) 
S i m i l a r l y ,  f o r  the base-band f i l t e r  K 
g e t  t h e  computer set-up shown i n  Figure  15. 
F ( s )  = Kf (1 + a/s) = 7 w e  
f2 2 m s  1 
Figure  15 e Analog Computer Set-up f o r  Kf F2(s) = Kf (1 + a / s )  
2 2 
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I n  determining t h e  va lues  of t h e  parameters needed t o  perform t h e  
s imula t ion ,  w e  recall t h a t  i n  s e c t i o n  3 . 1  t h e  v a l u e s  of w , w , 5 
could be  chosen f r e e l y .  However, s i n c e  supe rpos i t i on  of t h e  i n d i v i -  
n2 nl ni 
dua l  LP and BP closed-loop responses  
bandwidth, w , of t h e  LP and t h e  BP 
”2 
f a r  a p a r t  
For t h e  LP PLL le t  
w n2 = 1 rad  f s e e  
5 =1/K 
n2 
and f o r  t h e  BP PLL l e t  
w = l o w  
n2 01 
Choose CO1 = 0.010 
r e q u i r e  no i n t e r f e r e n c e ,  t h e  loop 
c e n t e r  f requency,  U , were set 
nl 
(3.1.1-19) 
(3 e 1.1-20 1 
(3Gle1 -21)  
(3.1.1-22) 
so  t h a t  t h e  ‘bandwidth of t h e  BP f i l t e r  is narrow. 
F igu res  1 6  a, b show a L-BP M-PLL phase magnitude response f o r  t h e  
, given above when 
l i n e a r  approximation, f o r  va lues  of w n2’ 5n29 w o l y  ‘01 
AK 1 = A K 2 = K  
From equat ions  (1.1-15) and (1.1-16) 
AK2 = 25 w = 2 ( 1/G) (1) = Jz 
n2 n2 
( 3 . 1  e 1-23 
( 3 .1 1- 24) 
I f  A = B = 1, then  
36 
Magnitude 
A =  1 
loop : AK2 = J2 BP loop : AKl = 2.0 . 
base-band f i l t e r  BP f i l t e r  
= 1/42 Gol = 0.01. 
Gn - 






t \  = 0.01 ‘n .1 I \ n L 
w (rad/sec) 
a I 
D 50 4.48 8.47 12.47 16.46 20.46 
Figure 16a. L-BP M-PLL Phase Magnitude Response 








log l A j  
-02 -34 -66 -99 1.30 
(same 
LP loop and BP loop as i n  
figure 16a) 
Figure 16b. L-BP M-PLL 20 Log Phase Magnitude Response 
.for the Linear Approximation 
38 
K2 = fi (3  J . 1 - 2 5  
and 
1 - 
" = J T  
For t h e  LP PLL por t ion  of t h e  M-PLL 
t o  an optimum type  I1 LP PLL as shown i n  
S inee  K K K = A K 2 = f i  6 v f 2  
wi th  Kb = 1 / 2  u n f t i v o l t  
(3.1.1-26) 




and K.v = 240T r a d i a n s l u n i t  (3.1.1-29) 
then  (3.1.1-30) - d z  Jz - a - -  = - =  Kf2  K6 Kv (1/2)  (2401~) 1201~ 
- s f n c e  AK = AK2 and Kfl - Kf2 1 
A l l  t h e  necessary information f o r  s o l u t i o n  of t h e  s ta te  model equa- 
t i o n  (3.1.1-1) by d i g i t a l  computation i s  contained i n  (3.1.1-11), and 
(3.1.1-26). 
shown i n  F igure  1 7 ,  i s  obtained wi th  va lues  given by (3.1.1-21) t h r u  
The analog computer set-up f o r  t h e  e n t i r e  L-BP M-PLL C.M.,* 
(3.1.1-30). 
A s  mentioned i n  s e c t i o n  1.1, s i n c e  F (s) = (1 + a / s )  does not  2 
re ject  h igh  frequency terms, a n  a d d i t i o n a l  f i l t e r  i s  used o u t s i d e  of 
t h e  loop on e ( t )  i n  o rde r  t o  e l i m i n a t e  t h e  high harmonic components 
and thus  t o  o b t a i n  t h e  information output .  The t r a n s f e r  func t ion  
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where w i s  t h e  cut-off frequency. The corresponding amplitude-fre- 
quency response of (2,4-1) i s  of t h e  form shown i n  F igure  18. 
cc 
Ffgure 18 - Amplitude- Crequeney Response of w ' 1  (si 4- w s 4- w 2, cc CC ce 
From (2.4-1) w e  have 
w 2 s-2 
cc F ( s )  = (2.4-2) 
Applying Mason's r u l e  f o r  s y n t h e s i s  of (2.4-2) one ob ta ins  t h e  analog 




Figure  19, Low-pass F i l t e r  w “(s2 + w s + wcc2) Analog Computer Set-up cc cc  
3.1.2 Resu l t s  Of The Simulat ion 
One of t h e  o b j e c t i v e s  of t h i s  i n v e s t i g a t i o n  is  t o  eva lua te  t h e  im- 
provement of t h e  PLL due t o  t h e  band-pass f i l t e r .  This  improvement i s  
measured by comparing t h e  phase e r r o r  of a low-band pass  m u l t i - f i l t e r  
PLL t o  t h e  r e s u l t i n g  low-pass PLL when t h e  band-pass f i l t e r  i s  removed 
from t h e  loop. 
For a LP PLL wi th  a loop bandwidth wn = 1.0 and 3 = 0.7070, 
t h e  c losed  loop g a i n  becomes q u i t e  small a t  a modulating frequency of 
w 
Consequently, t h e  phase e r r o r  g e t s  so l a r g e  t h a t  t h e  c h a r a c t e r i s t i c  
phase e r r o r  t r a n s i t i o n  from lock  PLL t r ack ing  t o  unlock can no longer  
be seen.  I n  o t h e r  words, contiquous cyc le  sk ipping  i s  not  observable .  
The s imula t lon  shows t h a t  t h e  o s c i l l a t i o n s  of t h e  phase e r r o r  occur  
2 n2 
= 10.0 - about 18% of t h e  v a l u e  a t  base-band f requencies  (F igure  16 ) .  m 
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around 0, - T, and + T; b u t  n o t  around mul t ip l e s  of k 2 ~ r .  
Figures  20 a ,b ,c  show p l o t s  of s t eady- s t a t e  peak phase e r r o r  
and s t eady- s t a t e  peak de tee t ed  output  vs. - 
de tec t ed  output  ob ta ined  by d i g i t a l  computation. The f i g u r e s  show 
r e s u l t s  f o r  bo th  LP PLL and L-BP m u l t i - f i l t e r  PLL. One sees t h a t  f o r  
Aw/w < .5,  t h e  LP PLL s t eady- s t a t e  peak de tec t ed  output  e in-  m ss P 
c reases  l i n e a r l y  w i t h  Aw/w e For Aw/w h ighe r  i t  does n o t  i n c r e a s e  m m 
as f a s t  as Aw/w 
e ( t > c  A t  Aw/w of about 2 . 2  t h e  LP PLL de tec t ed  output  becomes er- 
r a t i c  and i t s  average peak va lue  i s  independent of Aw/w 
PLL). This  i s  ind ica t ed  by dashed l i n e s  i n  Figure 20. 
f o r  phase e r ror  and 
does.  This  co inc ides  wi th  t h e  d i s t o r t i o n  p r e s e n t  on m 
m 
(unlocked m 
From Figure 20 one can see t h a t  t h e  a d d i t i o n  of t he  band-pass 
f i l t e r  does no t  y i e l d  any improvement. 
FOP f requencies  h ighe r  than t h e  i n d i v i d u a l  closed-loop peak ga in  
frequency w , t h e  L-BP PLL phase e r r o r  t u r n s  o u t  t o  be h ighe r  than 
the  s i n g l e  low-pass PLL phase e r r o r  $ 
band-pass f i l t e r  i n t roduces  a n e t  -90" phase s h i f t  a t  h ighe r  f r e -  
nl 
This  i s  because t h e  
LP PLL e 
quencies .  The e f f e c t  caused by t h e  phase s h i f t  i s  more c l e a r l y  
i l l u s t r a t e d  i n  F igure  21*, where s t eady- s t a t e  peak t o  peak frequency 
e r r o r  and s t eady- s t a t e  de t ec t ed  
modulating frequency w Note 
c ide  w i t h  w 
m 
01  
output  are shown 
t h a t  t h e  maximum 
as func t ions  of t he  
e does n o t  coin- 
ss PP 
* From t h e  s imula t ion  of t h e  If-PLL carrier model 
p u t e r  
on t h e  analog com- 
4 3  
(a) 
LOOP Cain AK - Ji" 
c = 0.7070 
Low Pass: 
LOOP Bendwidth P wn 1.0 
5 
Low-p as s 
4 PLL 
Loop Gain AK2 - fi 
Loop Bandwidth wn - 1 ,O 




Loop Gain % fi 
Fi l t er  Center Freq. 
WOl = 10. 
Sol 0.010 
- 3  z 




Efu 1 r i- 
f i l t e r  
v 
1 PLL 
AbJ m = -  0 










5 s  P 
2 Heavy Distortion Region, e(t) Erratic 
" 1 
A w :  
0 m = -  
1 2  3 4 
(a) wm = 9.901 rad/sec 
(b) om = 10.00 rad/sec 
( c )  urn = 10.10 radjsec 
(from the so lut ion of the state equation 
of the M-PLL pn&e nodel on-the d i g i t a l  
computer) .- 
Fcigure'i20, ' LP PLL and L-BP M-PLL Steady-state Peak Phase Error, ' h d  
Steady-State Peak Detected Output due 'to SinusoLdal FM. 
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mf - 0.50 
A EP PP A - 1  
LP loop : AK* = J2 
base-band f l l t e r  
AK1 = 2.0 
BP filter 
a = 1/42 
BP loop : 
mol = 10.0 
COl = 0.01 
9.8 10.0 10.2 10.4 10 a 8  
Figure 21, L-BP M-PU Steady-state Peak to peak Frequency Error e d  
Steady-state Peek to Peak Detected Output due to Sinusoi- 
dal FM 
(from the simulation of the M-PLL C.M. on the analog computer) 
. 
47 
3 . 2  A L-BP M-PLL with a D i f f e r e n t i a t o r  Following t h e  BP F i l t e r  
I f  t h e  -90" phase s h i f t  introdueed by t h e  band-pass used i n  t h e  
previous s e c t i o n  could somehow be  compensated f o r ,  then  an  improvement 
would be  obtained.  One s o l u t i o n  111 t o  t h i s  problem involves  t h e  
a d d i t i o n  of a d i f f e r e n t i a t o r  fol lowing t h e  BP f i l t e r ,  This  s e c t i o n  
d e a l s  wi th  t h e  d i scuss ion  of t h e  L-BP M-PLL when a d i f f e r e n t i a t o r  
fol lows t h e  band-pass f i l t e r .  The same procedure i l l u s t r a t e d  i n  sec- 
t i o n  3.1 is followed. 
The po r t ion  of t h e  M-PLL open-loop t r a n s f e r  ga in  due t o  t h e  BP 
f i l t e r  wi th  t h e  d i f f e r e n t i a t o r  becomes: 
1 AKls AKIF1(s) S ; = 
s 2 + 2 <  w s + w  
01 01 01 
The r o o t  locus  p l o t  f o r  t h i s  arrangement i s  shown i n  Figure 2 2 ,  
AK1 = 
(3  2-1) 
F igure  2 2 .  Root Locus P l o t  f o r  aBand-pass F i l t e r  
wi th  a D i f f e r e n t i a t o r  Following It. 
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From t h e  root- locus p l o t  one can see t h a t  t h e  l i n e a r  system response 
is s t a b l e  f o r  any v a l u e  of t h e  open-loop g a i n  AK 
1" 
The corresponding BP closed-loop t r a n s f e r  response t u r n s  ou t  t o  
be  
o r  
0,(s> AKls 
- =  
2 
0 1  
el(s) s2 * C2rolwol e AKl) 6 + w (3.2-3) 
Of t h e  two BP closed-loop t r a n s f e r  responses ,  namely (3,1-5) and 
(3.2-3), t h e  l a t te r  g ives  a b e t t e r  BP shape. Furthermore, 
w = w  
01 nl 
I 5 = (501+- )  
nl 2 w O l  
(3 a 2-4) 
(3  2-5) 
Note t h a t  2; 
response of (3.2-2) i s  less than  1. 
i s  a func t ion  of AK and t h a t  t h e  maximum magnitude 1 nl 
3.2.1 Design .and Simulat ion of t h e  Loop 
Following t h e  same procedure i l l u s t r a t e d  i n  s e c t i o n  3.1.1 t h e  
s ta te  model equat ion  f o r  t h e  L-BP M-PLL wi th  a d i f f e r e n t i a t o r  fol lowing 
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0 1 0 0  
0 0 0 0  




lK1 s i n  ( e  - x (0)) 
u.c2 s i n  (el - x ( 0 ) )  
1 
(3.2 1-1) 
wi th  t h e  i n i t i a l  s tate vec to r  equal  t o  




0 - -  
(3 2.1-2) 
+ t = O  
System v a r i a b l e s  such as $ , ,e ( t )  are obta ined  as shown i n  s e c t i o n  
3.1.1. 
For t h e  analog computer set-up, w e  have 
- - 
Wd -1 -2 
K F ( s )  s = 
f4 1 + 2501wds + WOl% 
(3 2.1-3) 
* The band-pass f i l t e r  wi th  a d i f f e r e n t i a t o r  fol lowing i t  can b e  con- 
s ide red  as an  equiva len t  BP f i l t e r  of t h e  form 
Kf s 2 / ( s 2  + 25, w s i- w '1 
01 d 01 1 
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Then, t h e  analog computer set-up f o r  (3.2.1-3) i s  given by 
Figure  23. Analog Computer Set-up f o r  BP F i l t e r  
v i t h  a D i f f e r e n t i a t o r  Following It 
Since w e  use t h e  same base-band f i l t e r  as i n  s e c t i o n  3.1 t h e  analog 
conf igu ra t ion  (F igure  15) remains una l t e red .  W e  also keep t h e  same 
va lues  f o r  W Tn WOl9 Col9 and AK2 given  by (3.1.1-19) t h r u  (3.1.1-23). n2 2 
Consequently, 
K2 = 62 (3.2 1-4) 
(3.2 e 1-5) 
Figures  24a,b,r,,d, shaw a l i n e a r  L-BP M-PLL amplitude-frequency 
response f o r  t h i s  ca se ,  when AK1 = 2.0 and 13.94 r e s p e c t i v e l y .  
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LP loop 0 AK2 = J2 
base-band f i l ter  
a = 1/J2 
BP loop : AK1 f 2 . 0  
BP f i l t e r  
01 0 = 10.0 
GOl = 0.01 
Pigvre 24a. Amplitude-frequency Response of a L-BP M-PLL 







LP loop : 
1 
AK2 = J2 
base-band f i 1 ter 
a = 1/J2 
AK1 = 2.0 
BP f i l t e r  
01 w = 10.0 
GO1 = 0.01 
50 4 . 4 0  8.30 1 2  19 16.10 20.00 
Figure 24b. Amplitude-frequency Response of a L-BP M-PLL 
with a Differ,entiator Following the BP F i l t e r  
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f 







I base-band f i l t e r  a = 1/JZ / BP loop : AK1 = 13.24 
Figure 24c. Amplitude-frequency Response of a L-BP M-PLL 







LP loop : AKz = J2 
baee-band filter 
a - 1/42 
BP loop : AK1 = 13.24 
BP filter 
01 w 5 10.0 
Go, * 0.01 
* SO 4.40 8.30 12.19 16.10 20.00 
Figure 24d. Amplitude-frequency Response of a L-BP M-PLL 
with a Differentiator Following the BP Filter 
e 
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Now, a l l  t h e  necessary information f o r  s o l u t i o n  of t h e  s ta te  model 
equat ion (3.2.1-1) by d i g i t a l  computation is  contained i n  (3.2.1-2), 
(30101-19)  t h r u  (3.L.l-23) , and (3.2.1-5). 
The e n t i r e  analog computer set-up f o r  t h i s  case is  obta ined  from 
Figure 1 7  a f t e r  r ep lac ing  t h e  BP f i l t e r  by t h a t  given i n  F igure  23. 
Where 
2 = .264 X (100) 2.0 1 / 2  2 4 0 ~  = - =  (3.2.1-6) 
(3.2.1-7) 
3.22 Results of  t h e  Simulation 
The r e s u l t s  of t h e  computer s imula t ion  show t h a t  a d d i t i o n  of t h e  
d i f f e r e n t i a t o r  a f t e r  t h e  band-pass f i l t e r  y i e l d s  s i g n i f i c a n t  improve- 
ment, The phase e r r o r  is reduced throughout t h e  band pass  frequency 
range. Its minimum i s  a t  W = W and f o r  AK1 = 2,01 i t  is  about 116 
of t h e  phase e r r o r  obtained without  t h e  d i f f e r e n t f a t o r .  However, t h e  
,.d 
m 01 
d e t e c t o r  output  i s  reduced by t h e  a d d i t i o n  of t h e  d i f f e r e n t i a t o r .  
P l o t s  of peak va lues  of frequency e r r o r ,  de t ec t ed  output ,  and 
phase e r r o r  as func t ions  of W are shown i n  F igures  26 a, b. 
Now f o r  modulating f requencies  near  W t h e  t r a n s i t i o n  from lock  d’ 
t o  unlock t r ack ing  demodulation is more c l e a r l y  def ined.  During t h i s  
t r a n s i t i o n  a r a p i d  inc rease  i n  t h e  phase e r r o r  can be  observed. The 
de tec t ed  output  e ( t )  becomes smaller and erratic;  the re fo re ,  eo g e t s  
. Figure  25 shows a m u l t i - f i l t e r  A M  smaller and, consequent ly ,  $e p;ak w 
m 
A s  w moves from w PLL lock-unlock t r a n s i t i o n  for- wm c l o s e  t o  w 
t h e  t r a n s i t i o n  becomes less apparent  and i t s  d e t e c t i o n  becomes more 
d i f f i c u l t .  
ol' m b l  
t 'e peak 








Figure  25, M-PLL Lock - unlock Tracking T r a n s i t i o n  
P l o t s  of @e v s .  4 
and f o r  a proper locked L-BP M-PLL wi th  a d i f f e r e n t i a t o r  fol lowing 
f o r  an unlocked LPPLL f o r -  an unlocked L-BP M-PLL, e 
t h e  BP f i l t e r  are shown i n  F igure  26 c , d , e  . 
Two L-BP M-PLL lock  boundary p l o t s ,  determined by means of t h e  
analog computer s imula t ion  and f o r  a s i n g l e  s u b c a r r i e r ,  are shown i n  
F igure  27 a ,b  . I n  F igure  27a, t h e  L-BP M-PLL w a s  f i r s t  locked on to  
carrier p lus  s i g n a l  ( s i n g l e  FM s u b c a r r i e r ) ,  then  A U w a s  s lowly in-  
c reased  u n t i l  t h e  l o s s  of l ock  occurred.  
f o r  several va lues  of w , The procedure used t o  o b t a i n  F igure  27b 












6, in rad/sec f 
w ( BP filter center: freq.) 
Gal( BP filter) = 0.010 
01 
= 10.0 
AK1( BP loop) ss 2,O 
w ( LP loop) = 1.0 
n2 
"2 
5 ( LP Loop) = 0.7070 
AK2(LP loop) = 42 . 
(from simulation of the M-PLL C.M. on 
the analog computer) 
w m (rad/sec) 
9.6 9.8 10.0 10.2 10.4 10.6 
Figure 269. L-BP M-PLL Steady-state Peak to Peak Frequency Error 
and Steady-state Peak to Peak Detected Output due to 
Sinusoidal FM 
] ~ p  Filtek 
with a Differentiatar Following the 

















1 1 I I I 
9C-6 9 * 8  10.0 10.2 10.6 
w 2 5  r 'e peak 
0 
9 . 6  9 . 8  10.0 10 .2  10.4 
Figure26b. L-BP M-PLL Steady-state Peak Phase Error and Steady- 
s t a t e  Peak Detected Output due t o  Sinusoidal FM 
a Differentiator Following the BP Filter. (from the 
so lut ion of the s t a t e  equation of the M-PLL phase 
model on the d i g i t a l  computer) 
with 
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A m 1  
LP loop : Ax = 42 






t 50 A = l  LP loop : AK2 = 42 
base-band f i l ter  
a = 1IJ2 
AK1 = 2.0 
BP f i l t e r  
Go1 = 10.0 
GOl = 0.01 
Figure 26 c , d , e .  Phase-plane 6, vs .  9, for  a Single Sub-carrier 
c) Unlocked L-PLL 
e) Locked L-BP M-PLL with a Differentiator Following 
the BP Fi l ter  
(from simulation of the’M-PLL Ph.M. on the analog computer) 














2 *  t 
l* t
t h e  analog computer.) 
M-PLL Lock Boundary for a 
Single Sub-carrier 
\ LP loop : AK2 = 42 base-band f i l t e r  
a = 1/42 
BP loop : AK, = 2.0 \ 
BP f i l t e r  
01 w = 10.0 
I 
Go, = 0.01 
I a differentiator follows the BP f i l t e r  
A =  1 W (rad/sec) m 
9 .8  10.0 10.2 10.4 10.6 
Figure 27a. 
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LP loop : AK = J? 
2 
base-band f i l t e r  
a = 1/42 
BP loop : AK1 = 2 .0  
BP f i l t e r  
01 w = 10.0 
CO1 = 0,Ol 
a differentiator follows 
the BP f i l t e r  
A -  1 
\ 
(from simulation of the M-PLL Ph.M, on the 
analog computer) 
9 .oo 10 a 0 0  wm (rad/sec) 
+ Figuqre 27b .  L-BP M-PLL Lock-boundary 14hen the FM Single Sub-carrier is Applied at t = O  
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was d i f f e r e n t  from t h a t  used f o r  Ffgure 27a. For F igure  27b t h e  
modulating s i g n a l  w a s  app l i ed  a t  t = 0 having set  t h e  va lue  of h 
beforehand, If t h e  L-BP M-PLL r e s u l t e d  locked-in,  then  Aw w a s  in-  
creased.  If t h e  L-BP M-PLL r e s u l t e d  un-locked, then  Aw was de- 
creased.  
lock  boundary p o i n t  w a s  obtained.  
v e s t i g a t e d .  
+ 
This ope ra t ion  w a s  repea ted  u n t i l  a s u i t a b l e  va lue  f o r  t h e  
Di f f e ren t  values of w w e r e  i n -  m 
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CHAPTER I V  
CONCLUSION 
4 , l  Summary 
The carrier model. and t h e  phase model f o r  t h e  genera l ized  mult i -  
f i l t e r  PLL are cons idered ,  and s ta te  equat ions  f o r  t h e  phase model are 
der ived .  The s ta te  equat ions  f o r  t h e  carrier model can be  obta ined  i n  
an  analogous manner. Analog computer conf igu ra t ions  showing d i r e c t  
component in te rconnec t ions  f o r  s imula t ion  of both carrier and phase 
m u l t i - f f l t e r  PLL are der ived ,  and problems encountered wi th  t h e  imple- 
mentat ion of t h e s e  conf igu ra t ions  are considered.  
Simulat ions of a low-band pass  m u l t i - f i l t e r  PLL, f o r  t h e  case of 
s i n u s o i d a l  FM with  a s i n g l e  d e t e r m i n i s t i c  sub-car r ie r ,  w e r e  performed 
t o  i n v e s t i g a t e  t h e  improvement of t h e  LP PLL -due t o  the 'band-pass  f i l t e r .  
This  improvement is  measured by comparing t h e  phase e r r o r  of t h e  L-BP 
m u l t i - f i l t e r  PLL wi th  t h e  r e s u l t i n g  PLL when t h e  band-pass f i l t e r  is  
removed from t h e  loop. The p a r t i c u l a r  loop considered has  a base-band 
f i l t e r  ( 1  4- a/s) i n  p a r a l l e l  wi th  an  active tuned-loop f i l t e r  of t h e  
form Kf s / ( s 2  + 225 w s + wol 1. The modulating frequency w i s  
0 1  01 m 
taken approximately 10 t i m e s  t h e  ind iv idua l  low-pass loop bandwidth 
2 
1 
w . The loop-gain due only  t o  t h e  base-band f i l t e r  i s  small ,  and 
consequently t h e  e r r o r  is  high. 
n2 
The s imula t ion  is  accomplished by s o l u t i o n  of t h e  s ta te  equat ion  
f o r  t h e  phase model on a CDC 3300 d i g i t a l  computer, using t h e  Adams- 
Mouton numerical  i n t e g r a t i o n  technique,  and by s imula t ion  of t h e  car- 
rier model showing d i r e c t  component i n t e rconnec t ion  on two EA1 TR-20 
analog computers. 
6 4  
Computer results show that the steady-state peak L-BP multi-filter 
PLL phase error ($ 1 is smaller than the steady-state peak 
L-BP PLL 
L P  PLL phase error ($e 
LP PLL 
pass loop center frequency w and larger for higher frequencies. The 
fluctuation in the error function is comparatively insignificant; there- 
e 
1 for frequencies smaller than the band- 
nl 
fore, the transition between lock to unlock tracking is difficult to 
observe. 
with respect to the steady-state peak Cp can be explained in 
terms of the net -90' phase shift introduced by the band-pass filter. 
The relative increase of the steady-state peak $ 
L-BP PLL e 
LP PLL e 
The result shows that the maximum steady-state peak occurs at the band- 
pass loop center frequency w which is higher than the band-pass ffl- 
ter center frequency w by an amount approximately equal to the indi- 
vidual band-pass loop gain AK1. 
nl 
01 
The negative phase shift is compensated for by the addition of a 
differentiator following the band-pass filter. This leads to a sharp 
decrease in the steady-state peak $ 
curs at wm = w 
about its minimum which oc- 
L-BP PLL 
e 
. In turn, the individual band-pass loop center fre- 
nl 
quency w. is also equal to the band-pass filter center frequency w 01' 1 n 
For values of w close to w , the transition between lock and unlock 
tracking is more clearly defined. 
n2 m 
4.2  Suggestion For Further Studies 
Signal fidelity is proportionally related to the loop filter band- 
width of the FM discriminator used for its detection , while the sig- 
nal to noise ratio is inversely related to it. Namely, for a minimum 
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of modulation d i s t o r t i o n  i t  is  d e s i r a b l e  t o  have a l a r g e  va lue  f o r  t h e  
loop f i l t e r  bandwidth BW, Conversely f o r  a l a r g e  s i g n a l  t o  n o i s e  r a t i o  
it i s  necessary  t h a t  t h e  BW be  s m a l l .  
c a t i o n s  i t  is  u s e f u l  t o  exchange s i g n a l  f i d e l i t y  f o r  s m a l l  BW, i t  is  
necessary t o  know t h e  minimum BW f o r  which t h e  system i s  s t i l l  i n  lock .  
It would be  worthwhile t o  o b t a i n  boundary lock  reg ions  f o r  t h e  
bandwidth as a func t ion  of modulation i n d i c e s  and f requencies  Wm. 
S ince i n  many p r a c t i c a l  appl i -  
The work i n  t h i s  t h e s i s  involves  t h e  u s e  of a s i n g l e  s i n u s o i d a l  
d e t e r m i n i s t i c  EM sub-ca r r i e r .  A subsequent s tudy should b e  performed 
cons ider ing  t h e  use  of many sub-car r ie r  i npu t s .  
For a more complete s tudy t h e  e f f e c t  of n o i s e  should also be  con- 
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